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Kernel estimates for pseudo-differential operators
of negative order

Yoichi Miyazaki

It is known that a pseudo-differential operator of negative order has an integral kernel that
is evaluated by an L' function. However, most textbooks on pseudo-differential operators
including [1] do not cover this theorem. Although Taylor [2, Proposition 7.2.2] gave the proof
of this theorem, it is not easy to fill in the gap in his proof.

The aim of this note is to give a clear proof of this theorem by adopting the method
of deriving the corresponding theorem for Fourier multipliers used in [3, Lemma 8.5.2]. As
described in [3], this method usually requires showing that the integral kernel has no singularity
related to the delta function. In our proof this fact is shown by the dominated convergence
theorem. Compared to the proof of Kumano-go and Nagase [4, Proposition 2.1], our proof as
well as the proof provided by Taylor [2] gives a precise exponent for the L' function.

Let S77(R™ x R™) with o € R denote the symbol class of order —o and type (1,0), that is,
we mean by a(z,£) € S~7(R™ x R") that [9¢02a(z,£)| < C(¢) ool with (&) = (1 + [¢[*)1/2
and some constant C' > 0 independent of x and £. The pseudo-differential operator with
symbol a(z, &) € ST7(R™ x R™) is defined by

(@ D)f (@)= (2x) " | CEFf)de, S e SERY),

n

where Ff(£) = [pn €7 f(z) dx. For k € Ng ={0,1,2,...} we set

(o) _ o o+lal
a = max sup |Jga(z, .
lal, |a|5kweu§z| g a(z, §)I(€)
EER™

Theorem 1. Let a(x,£) € S~ (R™ x R™) with o > 0. Then there exists a function K(z, z)
and a constant C(n,o) such that

a(z,D)f(z) = [ K(z,z—-y)fy)dy, feSR) (1)

Rn
and
|K(z,2)| < C(n, a)|a|,(;?HU(z) forz e R*, z e R", (2)
where the function H,(x) is defined by H,(z) = |z|7""! for |z| > 1 and

lz]o—™ (0 <o <n),

H,(z) = 1+log+|:13|_1 (0 =n),

1 (0 >n)
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for |z| < 1.
For the proof of Theorem 1 we need a lemma.

Lemma 2. For xy € S(R™) with x(0) =1 and 0 < e < 1 set x(§) = x(e§). Then for each
a € Ny there exist C(a) such that

|08x=(€)] < Cla)(€)™', 3)
108 {x=(€) — 1} < Ca)e()* 1ol (4)
Proof. Since x{¥(€) = e1*Ix(@ (2£), we have
X ()] < Cac®, (5)
()] < Cale) e (6)
with C,, = max{|x(® e, [||€]!*!x(*) (€)|| > }. Then (3) follows from (5) for |¢| < 1 and from

(6) for |£| > 1.

By the mean value theorem [xc(£) — 1] = [xe(§) = xe(0)] < [IVxellze=[¢| < Cel¢]. This
implies (4) for & = 0. Estimate (4) for o # 0 and |£| < 1 follows from (5). Interpolating (5)
and (6), we get |X§a)(§)| < Cuelé]* 171 which gives (4) for a # 0 and |¢] > 1. O

Proof of Theorem 1. Step 1. We first prove the theorem, assuming that for any o € Ng there
exists C(n,a) > 0 such that

0¢a(z,€)] < Cn,a)(€)™ 7,  z€R", £€R™ (7)
Under this assumption the integral
K(z,z):= (27r)_"/]R e*ta(x, &) d¢ (®)
converges for any z € R™ and z € R™, and (1) holds by Fubini’s theorem. Integration by parts
and (7) give
(—i2)°K(z,2) = (21)" / ¢#0%a(z,€)dE,  zE€R", acNp.

Hence

2" K (2, 2) < C(n) Y 15| K (2,2)] < Cln)lal / o, (9)

j=1

which gives (2) for |z| > 1.
In order to evaluate K(z, z) for |z| < 1 we choose a function n € C§°(R"™) satisfying

0<nE) <lforéeR™ n()=1for (] <27, suppnC {{€R™: €] <1},
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set nr(&) =n(¢/R) for R > 1, and write

K(z,2) = (2m) " / ™ nn(€)a(z, £) de + (2m) " / (1 — na(E))ala, €) dé

R»

Since |9gnr(§)| < C(a){¢)~1%l by Lemma 2, we have

8 (01~ na@)al, O} < |ogate )| + 3 (5) |o2nm(e)- 02 Pate.)

ALa
< C(a)alS 7€)l

Hence for |a| =n

il =|(em [ =01 - nm(©)ato. )} g
e lal (€)™ de
< Clal37R™,

which yields |J;| < Cla|37 R 7|2

As for Jy we have |Jo| < (27)~"|a|"7 I(R) with I(R) = ||

¢1<r{§) 7 d€, which is evaluated

as follows:

() if 0 >, I(R) < [ (€)~ d < oo
(i)if o =n, I(R) < C(n) fOR =Ny dr < C(n)(1 + flR r~1dr) < C(n)(1 + log R);
(i) if 0 <o < n, I(R) < [i¢< [€]77 d€ = C(n,0)R"°.

Setting R = |z|! in the estimates for Jy and Ji, we obtain (2) for 0 < |2] < 1.

Step 2. For the general case we fix x € S(R™) with x(0) = 1 and set x.(§) = x(g) for
0 < e < 1. Since a:(z,€) = xe(§)a(x, &) satisfies (7) with C(n, «) replaced by C(n,a,¢), if
we set

Ke(z,2) = (21)™ / €76 (€)alz, £) de,

n

then it follows from the result in Step 1 that |K.(z,2)| < C(n, U)]ae|£;?Hg(z) and

aE(IE,D)f(IE) = - Ks(x>x - y)f(y) dy7 f € S(Rn)

By Lemma 2 and the Leibniz formula, we see that |Xs(§)a(m,§)|£;71) < C|a|£;fl) with

independent of . Therefore

K. (2,2)| < Cln,o)]al7 Ho(2). (10)



H AR bk 3R fe %2 37, 75-79, 2009

Unlike Step 1 we can not define K(z, z) by (8), since the integral in (8) does not necessarily
converge. Instead, we choose a positive integer k& with 2k + o > n + 1 and define K(z, z) by

K(z,2) = (2n) 7l [ (A ale. ) ds

for z # 0, where Ag = ZJ 1 8 . The argument below will show that K(z, z) is well defined
and independent of k.
Integration by parts gives

|2 Ke (2, 2) = |o|** K (2, 2) + (27T)_”/n e (—Ag)*{(x=(€) — Da(z, )} dé.

By the Leibniz formula and Lemma 2

(A (L = xe(@)al@, )} = | D Y Capdf(xe(§) = 1) - 8 Pal,€)

|| =2k B<ax

<C ¥ S efgrWigyo-los

|o|=2k B<a

< C€<£>1—2k—o'.
Noting (¢)1~2k=7 ¢ L1(R™), we have

lim K. (z,z) = K(z,z) forz#0. (11)

g——+40

Since H,(x —y) f(y) is integrable as a function of y for f € S(R™), the dominated convergence
theorem and (10) yield

a(z, D)f(z) = lim ac(z, D)f(z) = fim, [ K (zz -y flydy= | Kz.z—y)f(y)dy
£— e— R7
The estimate for K (z,z — y) follows from (10) and (11). O

Corollary 3. Let p, q and o satisfy either of the following conditions:

(1)0>0,1<p<g<o0,plt—qgl<o/n;
(2)0<o<n,1l<p<g<oo,pl—qgl=0o/n.

Then for a(z,&) € ST7(R™ x R™) the pseudo-differential operator a(z, D) is a bounded linear
operator from LP(R™) to LY(R™), and satisfies

la(e, D)llzs(en)—Logzny < Oy, Dlal 5.
Proof. We first consider case (1). It is easy to see that H, € L"(R") for 1 < r < oo if
o >n, that H, € L"(R") for 1 < r < o0 if 0 = n, and that H, € L"(R") for 1 < r < o0
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with (0 —n)r > —n,ie. 1 =771 < o/nif 0 < o0 < n. If we define r € [1,00] so that
p~t —¢ ! =1— 71, then the corollary follows from Theorem 1 and the Young inequality
that asserts L™ (R™) x LP(R™) C LI(R"™).

We next consider case (2). By Theorem 1

la(z, D) f(2)] < C{xo * |f|(z) + (1 Ho) * |f|(2)},  f € SR,

where xo(z) = |2|°™ and x1(z) is the characteristic function of the set {x € R" : |z| > 1}.
Evaluating xo * | f| by the Hardy-Littlewood-Sobolev inequality and (x1Hy) *|f| by the Young
inequality, we get the corollary. O
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