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Transport properties of the XX chain in a staggered magnetic field
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Abstract

　 The thermal and spin Drude weights of the XX spin chain in staggered and uniform
magnetic fields are exactly calculated and the low temperature behaviours of these quantities
are derived. The temperature dependence of the thermal Drude weight shows double-peak
behaviour as a result of the energy gap caused by the staggered magnetic field. The magnetic
Seebeck coefficient is also analyzed in detail to investigate the magnetothermal effect.
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1. Introduction
Transport phenomena in one-dimensional quantum systems have attracted much interest

since the ballistic (non-dissipative) transport behaviours of integrable quantum many-body

systems were indicated [1, 2]. In general three-dimensional systems, ballistic conduction ap-

pears only when the current is a constant of motion. On the other hand, in one-dimensional

integrable systems, a non-conserved current is also considered to be ballistic as a consequence

of a finite overlap with the conserved quantities underlying integrability [2].

Quantum spin chains are typical examples of one-dimensional integrable systems and they

have been analytically and numerically investigated by many authors [1–14]. Moreover,

experimental researches on magnetic materials described by one-dimensional or quasi one-

dimensional spin-1/2 magnets have been reported. For instance, in experiments on the Heisen-

berg chain compounds SrCuO2 and Sr2CuO3, anomalously large thermal conductivities were

reported [15,16]. This indicates a quasi-ballistic heat transport carried by spinons or magnons

with a mean-free path that is much larger than the correlation length.

In the present study, we consider the XX spin chain in a staggered magnetic field. This

quantum spin chain is an easily solvable model, therefore, it offers a good example of the

system with ballistic conduction. The dispersion relation of the spinless fermion describing

this system has an energy gap caused by the staggered magnetic field. To investigate the effect

of this energy gap on the transport properties, we exactly calculate the thermal and spin Drude

weights and analyze the magnetic Seebeck coefficient which is a criterion for clarifing the spin

directions of carriers.
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2. Exact solution of the model
The XX spin chain in a staggered magnetic field is described by the following Hamiltonian:

H0 +Hst =
J

2

2N∑
n=1

(
σx
nσ

x
n+1 + σy

nσ
y
n+1

)
− hst

2N∑
n=1

(−1)nσz
n, (2.1)

where J is the coupling constant, hst is the magnitude of the staggered field and σx,y,z
n are the

Pauli matrices acting on the n-th site. The total number of spins is assumed to be an even

number 2N , because the periodic boundary condition σx,y,z
n+2N = σx,y,z

n is applied. In a uniform

magnetic field 2h, the Zeeman energy

HZ = −h
2N∑
n=1

σz
n (2.2)

is added to eq. (2.1), where the total magnetization is M =
∑

1
2σ

z
n.

It is easy to diagonalize the total Hamiltonian

H = H0 +Hst +HZ (2.3)

using the Jordan-Wigner transformation and Fourier transformation [17]. As a result, the

above Hamiltonian (2.3) can be expressed in terms of the spinless fermion annihilation and

creation operators cq and c†q, respectively, with the wave number q as follows:

H =
∑
q

ωq

(
c†qcq −

1

2

)
. (2.4)

Here the dispersion relation of the fermion is given by

ωq =




−2h− 2
√
h2
st + J2 cos2 q for 0 ≤ |q| ≤ π

2
−2h+ 2

√
h2
st + J2 cos2 q for

π

2
< |q| ≤ π

. (2.5)

The above dispersion relation ωq has an energy gap at |q| = π/2 for hst ̸= 0 (Figure 1).

According to the position of the gap, we divide the parameter hst-h space into three phases

A, B and C as shown in Figure 2. At the boundary between phases A and B, the uniform

field h satisfies h = hAB ≡ hst, and at the boundary between phases B and C, h satisfies

h = hBC ≡
√

h2
st + J2.

Note that the total number of fermions is not a conserved quantity in the system described

by the Hamiltonian (2.4). Thus, in the ground state, all of the energy levels with ωq ≤ 0 are

occupied by the fermions and the levels with ωq > 0 are unoccupied (or occupied by holes).

This leads to the following definitions of ‘the Fermi wave number qF’: qF = ±π/2 in phase A,

qF = ± arccos(−
√

h2 − h2
st/J) in phase B and qF = ±π in phase C.
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Figure 1: The dispersion relations for hst ̸= 0. From left to right: phase A, the boundary between

phases A and B, phase B, the boundary between phases B and C, and phase C.
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Figure 2: The phase diagram in the hst-h space. The elementary excitation has an energy gap in

phases A and C, whereas it is gapless in phase B.

From the definition of the fermion anihilation and creation operators cq and c†q, respectively

[17], it is clear that the fermion carries up spin and that the hole carries down spin. In phase

A, the total magnetization equals zero in the ground state because one half of the energy

levels (|q| ≤ π/2) are occupied by fermions and the other half (π/2 < |q| ≤ π) are occupied by

holes. The elementary excitation in this phase with h > 0 is the one fermion excitation with

q = π/2+0, thus, this excitation carries up spin. In phase C, the hole excitation with q = π is

the elementary excitation. Clearly these elementary excitations have energy gap. In contrast

to the above phases, in phase B, there exist gapless fermion- and hole-excitations near the

Fermi wave number qF.
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3. Formulation of conductivities
In this section, we consider a general system with a thermal current JQ and a spin current

JS, and summarize the formulation of the transport coefficients on the basis of Ref. [11].

Phenomenologically, the thermal and spin currents are caused by the temperature gradient

−∇T/T and the magnetic field gradient ∇ϕS, respectively; these relations are written in the

following form [9,10]:
(

JS

JQ

)
=

(
LSS(0) LSQ(0)

LQS(0) LQQ(0)

)(
−∇ϕS

−∇T/T

)
. (3.1)

As is well known, the coefficients LAB(ω) are given by the Kubo formula:

LAB(ω) = lim
ε→+0

Re

∫ ∞

0

dt e−iωt−εt

∫ 1/T

0

dλ ⟨JA(−t− iλ)JB⟩, (3.2)

where A,B ∈ {Q, S}, ω is the frequency of the field and ⟨· · · ⟩ denotes the thermal average per

site.

The spin conduction should be measured under the condition of no temperature gradient,

namely ∇T = 0; then, we have

JS = LSS(0) · (−∇ϕS) = σS · (−∇ϕS), (3.3)

where the spin conductivity σS is given by

σS = lim
ω→0

σS(ω) = lim
ω→0

LSS(ω). (3.4)

The heat conduction should be measured under the condition of no spin current, namely

JS = 0. Using the Onsager relation LQS(ω) = LSQ(ω), we have

JQ =

(
LQQ(0)−

L2
QS(0)

LSS(0)

)(
−∇T

T

)
= κ · (−∇T ), (3.5)

where the thermal conductivity κ is given by

κ = lim
ω→0

κ(ω) = lim
ω→0

1

T

(
LQQ(ω)−

L2
QS(ω)

LSS(ω)

)
. (3.6)

Generally, the conductivities can be separated into coherent and incoherent parts:

σS(ω) = πDSδ(ω) + σreg
S (ω), (3.7)

κ(ω) = πDQδ(ω) + κreg(ω), (3.8)

where the coefficients of the delta function are referred to as the Drude weights [7–10]. A

non-zero Drude weight implies a ballistic conduction, whereas a zero Drude weight implies a

dissipative conduction.
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4. Exact derivation of the correlation functions
The time evolution of a local operator An, where An is the local Hamiltonian or the spin

operator associated with the n-th site, is described by the Heisenberg equation:

i
∂An

∂t
= [An,H] . (4.1)

The current operator jA(n) of the local quantity An can be defined such that the above

equation satisfies the equation of continuity,

∂An

∂t
= −{jA(n)− jA(n− 1)}. (4.2)

Thus, the total current operator, JA =
∑

n jA(n), can be defined explicitly [2, 7–11]. In the

present model (2.3), the total energy-current operator JE and the total spin-current operator

JS are given by

JE =
2N∑
n=1

jE(n) =
J2

2

2N∑
n=1

{
σy
n−1σ

z
nσ

x
n+1 − σx

n−1σ
z
nσ

y
n+1

}
(4.3)

and

JS =

2N∑
n=1

jS(n) =
J

2

2N∑
n=1

{
σx
nσ

y
n+1 − σy

nσ
x
n+1

}
, (4.4)

respectively. It is easy to confirm the following commutation relations for hst ̸= 0:

[JE,H] = 0 and [JS,H] ̸= 0, (4.5)

namely, JE is a constant of motion and JS is a non-conserved quantity. Note that the heat

current JQ for h ̸= 0 is represented by

JQ ≡ JE − 2hJS. (4.6)

Substituting the above current operators into eq. (3.2), and using eqs. (3.6) and (3.8), we can

write the thermal Drude weight DQ as [7–11]

DQ =
1

T 2

(
⟨J 2

E⟩ −
1

T

⟨JEJS⟩2

DS

)
. (4.7)

Here, we have used the fact that the time-dependent current operator in eq. (3.2) is defined

by J (t) ≡ eitHJ e−itH, and JE is a constant of motion, namely [JE,H] = 0.

Considering the internal energy per site e(ϕ) for the wave function ψ(n) with imposition of

the twist boundary condition ψ(n + 2N) = e2iNϕψ(n), we can derive the spin Drude weight

as the curvature of this internal energy [1–4,10,11]:

DS =
d2e(ϕ)

dϕ2

����
ϕ=0

=
∑
m

pm
d2Em

dϕ2

�����
ϕ=0

, (4.8)

where pm is the Boltzmann weight for an eigenstate |m⟩ of the Hamiltonian with an energy

eigenvalue Em.
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In order to derive the correlation functions in eq. (4.7) and the spin Drude weight (4.8), we

consider the following Hamiltonian

H̃ = UHU−1 − λJE, (4.9)

where U ≡
∏

n e
inϕσz

n/2 is the unitary operator and the unitary transformation UHU−1 twists

the spin operators around the z axis. Because [U,Hst] = [U,HZ] = 0, the first term of H̃ can

be written as follows:

UHU−1 =
∞∑
k=0

(−1)k

(2k)!
ϕ2kH0 −

∞∑
k=0

(−1)k

(2k + 1)!
ϕ2k+1JS +Hst +HZ

= cosϕH0 − sinϕJS +Hst +HZ. (4.10)

Using the Jordan-Wigner transformation and the Fourier transformation, the Hamiltonian H̃
is diagonalized into the following form:

H̃ =
∑
q

ω̃q−ϕ

(
c†qcq −

1

2

)
, (4.11)

where the dispersion relation ω̃q−ϕ is given by

ω̃q−ϕ =




−2
(
h− λJ2 sin 2q +

√
h2
st + J2 cos2(q − ϕ)

)
for 0 ≤ |q − ϕ| ≤ π

2
−2

(
h− λJ2 sin 2q −

√
h2
st + J2 cos2(q − ϕ)

)
for

π

2
< |q − ϕ| ≤ π

. (4.12)

The logarithm of the partition function and the internal energy per site in the thermody-

namic limit 2N → ∞ are represented by the following integrals:

lim
N→∞

1

2N
log Tr eH̃/T =

1

2π

∫ π

−π

log

(
2 cosh

ω̃q−ϕ

2T

)
dq (4.13)

and

lim
N→∞

1

2N

Tr H̃ eH̃/T

Tr eH̃/T
= − 1

2π

∫ π

−π

ω̃q−ϕ

2
tanh

ω̃q−ϕ

2T
dq, (4.14)

respectively. Then, the correlation functions and the spin Drude weight in the thermodynamic

limit 2N → ∞ are given by

⟨J 2
E⟩ =

1

π

∫ π/2

0

∑
±

J4 sin2 2q

cosh2 β(−h±
√
h2
st + J2 cos2 q)

dq, (4.15)

⟨JEJS⟩ =
1

π

∫ π/2

0

∑
±

±J4 sin2 2q

2
√

h2
st + J2 cos2 q cosh2 β(−h±

√
h2
st + J2 cos2 q)

dq, (4.16)

DS =
1

π

∫ π/2

0

∑
±

βJ4 sin2 2q

4(h2
st + J2 cos2 q) cosh2 β(−h±

√
h2
st + J2 cos2 q)

dq, (4.17)

respectively. Substituting these equations into eq. (4.7), we can calculate the thermal Drude

weight for arbitrary temperatures and magnetic fields.
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5. Thermal and spin Drude weights
Figure 3 shows the dependence of the thermal Drude weights on the temperature for (a)

hst/J = 0.4 and (b) hst/J = 0. In phase B, the temperature dependence of DQ for hst ̸= 0

shows a double peak. Around the temperature T ≃ |ωπ/2+0 + ωπ/2−0|/2, thermal excitations

decrease due to the energy gap; thus, the thermal conductivity becomes smaller and the

double-peak behaviour of DQ appears.

In the ground state, the thermal Drude weight is zero for the whole parameter regions. The

low-temperature behaviour of DQ for each parameter region is written in the following form:

DQ =




3J

2
√
πhst

T 3/2e−2(hst−h)/T for 0 ≤ h < hst

3J{6(
√
2− 1)ζ(3/2)2 − 5(

√
2− 4)ζ(1/2)ζ(5/2)}

16
√
πhζ (1/2)

T 3/2 for h = hst

2π
√
(h2 − h2

st)(h
2
st + J2 − h2)

3h
T for hst < h <

√
h2
st + J2

3J{6(
√
2− 1)ζ(3/2)2 − 5(

√
2− 4)ζ(1/2)ζ(5/2)}

16
√
πhζ (1/2)

T 3/2 for h =
√
h2
st + J2

3J

2
√
π 4
√

h2
st + J2

T 3/2e
−2

(
h−

√
h2
st+J2

)
/T

for
√
h2
st + J2 < h

, (5.1)

where ζ(z) denotes the Riemann zeta function. Because of the elementary excitation gap in

phases A and C, the thermal Drude weights at low temperatures have exponentially small

values. On the other hand, in the gapless phase B, the dependence of DQ on the temperature

behaves linearly at low temperatures.

The spin Drude weight has a non-zero value at the finite temperatures in the whole pa-

rameter regions as shown in Figure 4, although the spin current is a non-conserved quantity.

Reflecting the ground state behaviour of the spin Drude weight, the low temperature behaviour

of DS becomes complicated. The asymptotic form of the spin Drude weight for small T is

written as follows:

DS =




J√
πhst

√
Te−2(hst−h)/T for 0 ≤ h < hst

(
1−

√
2
)
Jζ (1/2)

√
πh

√
T for h = hst

2π
√

(h2 − h2
st)(h

2
st + J2 − h2)

πh
for hst < h <

√
h2
st + J2

(
1−

√
2
)
Jζ (1/2)

√
πh

√
T for h =

√
h2
st + J2

J
√
π 4
√
h2
st + J2

√
Te

−2
(
h−

√
h2
st+J2

)
/T

for
√
h2
st + J2 < h

. (5.2)

In the gap phases A and C, the low temperature behaviour of DS has the same exponential

factor as that of DQ. In contrast to the thermal Drude weight, the spin Drude weight in

— 7 —
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Figure 3: Dependence of the thermal Drude weight on temperature for (a) hst/J = 0.4

and (b) hst/J = 0.
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Figure 4: Dependence of the spin Drude weight on temperature for (a) hst/J = 0.4 and

(b) hst/J = 0.
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Figure 5: Spin Drude weights in the ground states for hst/J = 0, 0.2, 0.4 and 0.6.

the ground state has a non-zero value in the gapless phase B. The ground-state spin Drude

weights for several values of the staggered field are shown in Figure 5.

6. Magnetic Seebeck effect
The correlation effect between the thermal and spin currents, namely the magnetothermal

effect, is contained in the off-diagonal elements of the transport-coefficient matrix (3.1). For

h = 0, the spin-reversal symmetry leads to no correlation, even for a finite staggered field.

The uniform magnetic field breaks the spin-reversal symmetry, then, the magnetothermal effect

appears. The temperature gradient is transformed into the potential energy of the fermion

taking on the role of the spin conduction. In analogy to the Seebeck effect for electron systems,

we refer to this effect as the magnetic Seebeck effect [11]. This effect can be represented by

the magnetic Seebeck coefficient defined by S ≡ −∇ϕ/∇T . This quantity should be measured

under the condition of no spin current, thus, S can be written as

S = −∇ϕ

∇T
= − 1

T

LQS

LSS
= − 1

T

⟨JQJS⟩/T
DS

= − 1

T

{
1

T

⟨JEJS⟩
DS

− 2h

}
. (6.1)

The sign of the magnetic Seebeck coefficient indicates a crucial criterion for clarifying the types

of carriers. That is, the carriers of the transport are dominated by up-spin carriers (fermions)

if the sign of S is positive, whereas it is dominated by down-spin carriers (holes) if the sign of

S is negative.

Substituting eqs. (4.16) and (4.17) into eq. (6.1), we can calculate the magnetic Seebeck

coefficient for arbitrary temperatures and magnetic fields. Figure 6 shows the dependence of

the magnetic Seebeck effect on the temperature for (a) hst/J = 0.4 and (b) hst/J = 0. For

h = 0, the magnetic Seebeck coefficient is always zero because of the spin reversal symmetry.

For hst = 0 and h > 0 (Figure 6 (b)), the hole excitation is relatively larger than the fermion

excitation, therefore, S always takes negative values and the main carriers of spin current are

— 9 —
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Figure 6: Dependence of the magnetic Seebeck coefficient on temperature for (a) hst/J = 0.4

and (b) hst/J = 0.

holes (down-spin carriers).

For hst ̸= 0, as shown in Figure 6 (a), the low temperature behaviour of the magnetic

Seebeck coefficient varies depending on the excitation spectrum. In the gapless phase B, S

becomes zero at zero temperature and shows the linear T dependence

S ≃ π2(h4
st + h2

stJ
2 − h4)

6h(h2 − h2
st)(h

2
st + J2 − h2)

T (6.2)

in the sufficiently low temperature region. From eq. (6.2), we can see that the sign of S at

low temperature is positive for h4 < h4
st + h2

stJ
2 and negative for h4 > h4

st + h2
stJ

2. This sign

corresponds to the sign of the second derivative of the dispersion relation (2.5) at the Fermi

wave number qF. For h4 < h4
st + h2

stJ
2, ∂2ωq/∂q

2|q=qF is negative, thus the number of the

low lying fermion excitations become relatively larger than that of the hole excitations. As a

result, the low-temperature S takes positive values in this parameter region.

The elementary excitation is the fermion excitation in phase A and the hole excitation

in phase C. Therefore, the magnetic Seebeck coefficient becomes positive in phase A, and

negative in phase C at sufficiently low temperature. In these gap phases, S diverges at the

zero-temperature with the following asymptotic form:

S ∼ ±∆

T
, (6.3)

where ∆ denotes the elementary excitation gap, namely ∆ = 2(hst − h) in the phase A and

∆ = 2(h−
√
h2
st + J2) in the phase C.

— 10 —
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At the phase boundaries between phases A and B and between phases B and C, the magnetic

Seebeck coefficients converge to the values

lim
T→0

S = ±
3
(
2−

√
2
)
ζ (3/2)

4
(
1−

√
2
)
ζ (1/2)

= ±1.89738 (6.4)

at zero temperature. These values are independent of the staggered magnetic field.

7. Conclusion
In the present study, we have exactly calculated the thermal and spin Drude weights of the

XX spin chain in the staggered and uniform magnetic fields. We have found that the energy

gap caused by the staggered magnetic field leads to double peak behaviour of the thermal

Drude weight. The low-temperature asymptotic forms of the thermal and spin Drude weights

are derived. In the ground state, the Drude weights become zero except for the spin Drude

weight in the gapless phase B. From the analysis of the magnetic Seebeck coefficient, we have

found that the spin direction of the main carrier of the currents varies depending on the

staggered field. In particular, the sign of the low-temperature magnetic Seebeck coefficient

changes from positive to negative as h increases at the boundary h4 = h4
st + h2

stJ
2. This

boundary corresponds to the point at which the curvature of the dispersion relation at the

Fermi wave number equals zero.
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